ON THE HERSCH PAYNE SCHIFFER INEQUALITIES 
FOR STEKLOV EIGENVALUES 



ALEXANDRE GIROUARD AND lOSIF POLTEROVICH 

Abstract. We prove that the isoperimetric inequahty due to Hersch- 
Payne-Schiflter for the n-th nonzero Steklov eigenvalue of a bounded 
simply-connected planar domain is sharp for all n > 1. The equality is 
attained in the limit by a sequence of simply-connected domains degen- 
erating to the disjoint union of n identical disks. We give a new proof 
of this inequality for n = 2 and show that it is strict in this case. Re- 
lated results are also obtained for the product of two consecutive Steklov 
eigenvalues. 



1. Introduction and main results 

1.1. Steklov eigenvalue problem. Let be a simply-connected bounded 
planar domain with Lipschitz boundary and p G L°°{dQ) be a non-negative 
nonzero function. The Steklov eigenvalue problem [StJ is given by 




(1.1.1) 

where is the outward normal derivative. There are several physical inter- 
pretations of the Steklov problem [Ba2 1 [Pa] . In particular, it describes the 
vibration of a free membrane with its whole mass M(0) distributed on the 
boundary with density p: 

(1.1.2) M{n) = [ p{s)ds. 

Jan 

If p= 1, the mass of il. is equal to the length of dQ. 

The spectrum of the Steklov problem is discrete, and the eigenvalues 

= CTo < ai{n) < a2{^l) < asin) < ■ ■ ■ / oo 

satisfy the following variational characterization [Ba2, p. 95 and p. 103]: 

(1.1.3) a„(0) = inf sup 7' ' , n = l,2,... 

Here the infimum is taken over all n-dimensional subspaces En of the Sobolev 
space H^{Q) that are orthogonal to constants on dO,, i.e. u{s)p{s) ds = 
for all u G En- Note that, as in the case of Neumann boundary conditions, 
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the Steklov spectrum always starts with the eigenvalue ctq = 0, and the 
corresponding eigenfunctions are constant. 

If the density p = 1, the Steklov eigenvalues and eigenfunctions coincide 
with those of the Dirichlet-to-Neumann operator 

r : H^/^{dn) ^ H-^/'^{dQ) 

defined by 

where Tif is the unique harmonic extension of the function / G H^/'^{d^) 
to the interior of O. If the boundary is smooth, the Dirichlet-to-Neumann 
operator is a first order elliptic pseudo-differential operator [Tat PP- 37-38]. 
It has various important applications, particularly to the study of inverse 
problems [USj . 

1.2. Upper bounds on Steklov eigenvalues. The present paper is mo- 
tivated by the following 

Question 1.2.1. How large can the n-th eigenvalue of the Steklov problem 
be on a bounded simply- connected planar domain of a given mass? 

For n = 1, the answer to Question 11.2.11 was given in 1954 by Weinstock 
|Weinst| . He proved that 

(1.2.2) ai{n)M{n) <2Tr 

with the equality attained on a disk with p = const. Note that the first 
eigenvalue of the unit disk B with p = 1 has multiplicity two and cri(B) = 
(72 (B) = 1. Various extensions of Weinstock's inequality and related results 
can be found in [Ball IHPSal [Brl IDitj lEd] ; see also [AB\ section 8] for a 
recent survey. 

In 1974, Hersch-Payne-Schiffer [HPScl p. 102] proved the following esti- 
mates: 



(1.2.3) a.m{^) an{^) M{VlY < 



(m + n — 1)^ vr^ if m -|- n is odd, 
(m -|- n)^ vr^ if m -|- n is even. 



In particular, for m = n and m = n -|- 1 we get 

(1.2.4) an{^)M{VL) < 27rn, n = l,2, 

(1.2.5) an{^)(Tn+i{^)M{^f KAtt'^u^, n = l,2, .... 

1.3. Main results. If n = 1, it is easy to see that p.2.4p and (|1.2.5I1 be- 
come equalities on a disk with constant density p on the boundary. It was 
remarked in [HPSc] that estimates (11.2.3^ are not expected to be sharp for 
all m and n. While this is likely to be true, it turns out that if m = n or 
m = n + 1, these inequalities are sharp for all n > 1. 
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Theorem 1.3.1. There exists a family of simply- connected bounded Lips- 
chitz domains Q,£ C M?, with p = 1 on dQe for all e, degenerating to the 
disjoint union of n identical disks as e ^ 0+, such that 

(1.3.2) lim cr„(0e)M(S7e) = 27rn, n = 2, 3, . . . 

£— >0+ 

and 

(1.3.3) lira an{^e)(yn+i{^e)M{Vlef = Att'^u^, n = 2,3, ... 

In particular, the Hersch-PayneSchiffer inequalities (jl.2.4p and (|1.2.5p are 
sharp for all n > 1. 

Remark 1.3.4. As we show in subsection 12.21 hi order to obtain ()1.3.2p and 
()1.3.3p . one has to be careful in the choice of a family of domains degener- 
ating to the disjoint union of n identical disks. 

It would be interesting to check whether each of the equalities (|1.3.2p and 
()1.3.3p implies that the family fig converges in an appropriate sense to the 
disjoint union of n identical disks. 

Remark 1.3.5. If p = 1, estimate (11.2.4P and the standard isoperimetric 
inequality in imply 

(T„(0) \/ Area(r2) < nV^r, n > 2. 

The sharp "isoareal" estimate on cj„, n > 2, is unknown (see \H.en\ Open 
Problem 25]). 

Theorem 11.3.11 gives an almost complete answer to Question 11.2.11 It 
remains to establish whether the inequality (jl.2.4p is strict for all n > 2. 
We believe it is true. A modification of the method introduced in |GNP] 
allows to prove this result for n = 2. 

Theorem 1.3.6. Inequality (|1.2.4p is strict for n = 2: 

(1.3.7) a2{n)M{Q) <4tt. 

The proof of Theorem 11.3.61 uses the Riemann mapping theorem similarly 
to [Szl IWeinstj . Note that this approach is very different from the techniques 
of [HPSE]. 

1.4. Discussion. To put the inequalities ()1.2.2p and (I1.3.7P in perspective, 
let us state similar results for Dirichlet and Neumann eigenvalues. Since 
Dirichlet and Neumann eigenvalue problems describe vibrations of a mem- 
brane of unit density, the mass of the membrane is equal to its area. 

Let C be a bounded domain, and let < Ai(0) < A2(fi) < • • . and 
= fj,() < fii{^) < H2{^) < ■ • • be the Dirichlet and Neumann eigenvalues 
of 0, respectively. We have: 

- Faber-Krahn inequality: Ai(0)Area(il) > n Xi(]Q>) (conjectured in 
[Raj , proved in |Fa] and |Kral| . a weaker version obtained in [Coj ). 
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- Krahn's inequality: A2(0)Area(0) > 27rAi(D) ( |Kra2j : see (SEl p. 110] 
for an interesting discussion on the history of this result). The equal- 
ity is attained in the limit by a sequence of domains degenerating to 
the disjoint union of two identical disks. 

- Szegd-Weinberger inequality: /ii(r2)Area(r2) < 7r/ii(D). This esti- 
mate was proved in [Si] for simply-connected planar domains. In 
[Weinbj . the result was extended to arbitrary domains in all dimen- 
sions. 

- If Q is simply-connected, /X2(f^)Area(r2) < 2-it This inequality 
was recently proved in |GNPj . It is an open question whether it holds 
for multiply connected planar domains. The equality is attained in 
the limit by a sequence of domains degenerating to the disjoint union 
of two identical disks. 

For higher Dirichlet and Neumann eigenvalues, no sharp estimates of this 
type are known, and the situation is quite different from the Steklov case. As 
was mentioned in jGNPl Remark 1.2.8], the disjoint union of n identical disks 
can not maximize /in(^) Area(il) for all n > 1, because this would contradict 
Weyl's law. By the same argument, Xni^) Area(rj) is not minimized by the 
disjoint union of n disks for n large enough. In fact, it is conjectured that 
for n = 3 the minimizer is a single disk, see |WKt IBH] . 

1.5. Plan of the paper. In Section[2lwe prove Theorem [L3.1i We also con- 
struct a family of domains whose Steklov spectrum completely "collapses" 
to zero in the limit as the domains degenerate to the disjoint union of two 
unit disks. This phenomenon is quite surprising and does not occur for ei- 
ther Dirichlet or Neumann eigenvalues. The rest of the paper is devoted 
to the proof of Theorem 11.3.61 In Section [3l the "folding and rearrang- 
ment" technique, introduced in |Naj and developed in |GNPj . is adapted 
to the Steklov problem. In Section [J] we combine analytic and topological 
arguments to construct a two-dimensional space of test functions for the 
variational characterization (ll.l.Sp of the second Steklov eigenvalue. This 
space of test functions is then used to prove inequality (ll.3.7p . 

2. Maximization and collapse of Steklov eigenvalues 

2.1. Proof of Theorem I1.3.1T Let us start with the case n = 2. For each 
e € (0, ^), consider the simply-connected planar domain 

(2.1.1) = {\z - 1 + e\ < 1} U {\z + 1 - e\ < 1} C C. 

As e ^ 0+, 0,£ degenerates to the disjoint union of two identical unit disks. 

Lemma 2.1.2. Let p = 1 on dQ^ for any e. Then 

lim a2{^e) = 1- 

We recall that if p = 1 then cri(D) = cr2(]D)) = 1. 
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Figure 1. The domain for n = 2 



Remark 2.1.3. While this lemma is not surprising, it does not follow in a 
straightforward way from general results on convergence of eigenvalues. The 
difficulty is that the family is not uniformly Lipschitz. Equivalently, the 
family Jl^ does not satisfy the uniform cone condition (see |DZ1 p. 49] or [HP I 
p. 53]). This means that one can not choose the Lipschitz constant uniformly 
in both z € dil.£ and e. Indeed, it is easy to see that the Lipschitz constant 
blows up near z = as e — > 0. In this situation, the Steklov eigenvalues 
may apriori have a rather surprising limiting behavior, see subsection 12.21 

Proof of Lemma [2.1.^ For each e G (0, j^), 

by (|1.2.4p . Since lime^o+^(^£) = ^tt, we have 

limsup (T2(rie) < 1. 

It remains to show that 

(2.1.4) Iiminfcr2(f7£) > 1. 

In view of Remark l2.1.3l in order to apply standard results on convergence 
of eigenvalues, we need to "desingularize" the family of domains O^. Let 
0,'^ = ri^njSRz < 0}. Consider the following auxiliary mixed eigenvalue prob- 
lem on Q'^: impose the Neumann condition on n {Kz = 0} and keep the 
Steklov condition on the d^'^ndQe- Let = a^{n'^) < a^{Q',) < a^{n'^) . . . 
be the eigenvalues of this mixed problem (it is called a sloshing problem, see 
|FK] ) . Adding the Neumann condition inside the domain increases the space 
of test functions, and hence, by the standard monotonicity argument [Ba2| 
p. 100], it pushes the eigenvalues down. Therefore, 

> 'Jim, 
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and hence to prove (I2.1.4p it suffices to show that 
(2.1.5) lim af (17^) = 1. 

The family of domains 0,'^ converges to B in the Hausdorff complementary 
topology (see |BBt p. 101]) as e — > 0+. Moreover, since the domains are 
uniformly Lipschitz in both z G dW^ and e G (0, jq), the extension operators 
H^{Qi,) — > H^{M?) are uniformly bounded [BBl p. 198], and the norms of 
the trace restriction operators are uniformly bounded as well [Dm]. Note 
also that the Neumann part of dW^ given by n {?R.z = 0} tends to the 
single point 2: = as e ^ 0+. Therefore, using the Rayleigh quotient for 
the sloshing problem jFKi p. 673]) we get 

hm cT^(17;) = a„(D), n = l,2,... 

in the same way as \BB\ Corollary 7.4.2]. Taking n = 1 we get ()2.1.5p . This 
completes the proof of the lemma. □ 

Let us now complete the proof of Theorem ll.3.1[ First, it follows from 
(jl.2.5p and the obvious inequality an+i{^e) ^ CFni^e), that (|1.3.2p implies 
(jl.3.3p . Therefore, it suffices to prove (jl.3.2p . For n = 2 it follows from 
Lemma 12.1.21 For n > 2 the proof is analogous. Define as the union of 
n disks of radius 1 + e centered at the points z = 2k, k = 0, 1, . . . , n — 1 
(the domain looks like a necklace) . We make cuts along the vertical lines 
= 2k — 1, k = 1,2, . . . ,n, and impose Neumann boundary conditions 
along these cuts. We get n auxiliary mixed problems. They are of two types: 
the first and the last disks have just one cut (we denote the corresponding 
domains by as before), and the intermediate disks have two cuts — one 
on the left and the other one on the right (the corresponding domains are 
denoted by fi"). The spectra of each of the n auxiliary problems start 
with the zero eigenvalue. Using the same monotonicity and convergence 
arguments as above, we get 

and 

lim af(17;)= lim af (17^0 = 1- 

£— >0+ £-^0+ 

Therefore, liminf£^o+ <7n(^e) ^ 1- Since lime^o+ -^(^e) = 2iTn, it follows 
from (I1.2.4P that lim sup ^ ^q_^_ an {^e) ^ 1- Hence, lime^o+ <7n.(^e) = 1 and 
this completes the proof of Theorem 11.3.11 

2.2. Collapse of the Steklov spectrum: an example. One could ask 
why the sequence is constructed by pulling the disks apart, rather than 
joining them by a tiny passage disappearing as e — > 0. While this looks 
geometrically more natural, it turns out that the behavior of the Steklov 
spectrum under such degeneration can be quite unexpected. 

As before, set p = 1. Let = Di U U D2, where Di and B2 are two 
copies of the unit disk joined by a rectangular passage Pe of length e and 
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Figure 2. The domain 

width e^. What is essential in this construction is that the width of the 
passage tends to zero much faster than its length. For simplicity we assume 
that the disks and the passage are chosen in such a way that the domain 
Se is symmetric with respect to both coordinate axes. Then, surprisingly 
enough, 

(2.2.1) lim ani^s) =0 for all n = 1, 2, . . . . 

e^0+ 

Indeed, consider pairwise orthogonal test functions vanishing in Di U 
and equal to sin ^^"^ in the passage P^. For each n, the gradient of the test 
function is of order n/e, the area of Pe is and the length of the boundary 
of Ps is 2e. Therefore, for each fixed n, the corresponding Rayleigh quotient 
is of order n^e and tends to zero as e ^ 0+. This proves ()2.2.1|) . 

Similar constructions were studied in the context of Neumann boundary 
conditions (see |JMl IHSS] and references therein). However, the Neumann 
eigenvalues of converge to the corresponding eigenvalues of the disjoint 
union of two disks as e — > 0+. The total "collapse" of the Steklov spectrum 
in the example above is caused by the fact that the denominator of the 
Rayleigh quotient is an integral over the boundary. Note that the perimeter 
of the passage P^ tends to zero much slower than its area, and hence, for 
every fixed n, the numerator in the Rayleigh quotient vanishes much faster 
than the denominator. 

In the subsequent sections we prove Theorem 11.3.61 

3. Folding and rearrangement of measure 

3.1. Conformal mapping to a disk. Let Qhe a simply connected planar 
domain with Lipschitz boundary. As before, ID = |zGC||z| <1} is the 
open unit disk. By the Riemann mapping theorem (see \Ta\ p. 342]), there 
exists a conformal equivalence cp : 1} ^ which extends to a homeomor- 
phism D — > f2 (slightly abusing notations, here and further on we denote a 
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conformal map and its extension to the boundary by the same symbol). Let 
ds be the arc-length measure on dQ, and dfi be the pull-back by (p of the 
measure p{s)ds: 



(3.1.1) dn= p{s)ds 

Jo J4>{0) 

for any open set O d . Taking (jS.l.ip into account and using conformal 
invariance of the Dirichlet integral, we rewrite the variational characteriza- 
tion (|1.1.3p of £72 as follows: 

(3.1.2) (72(52) =mf sup k—. — . 

E o^ueE J SI dfi 

Here the infimum is taken over all subspaces E C H^{]ni), such that dim E = 1 
and Jgi udp = for all u G E. 

3.2. Hyperbolic caps. Let 7 be a geodesic in the Poincare disk model, that 
is a diameter or the intersection of the disk with a circle which is orthogonal 
to S^. Each connected component of D \ 7 is called a hyperbolic cap [GNPj . 




Figure 3. The hyperbolic cap ai p 



Given p £ and / G (0, 27r), let ai^p be the hyperbolic cap such that the 
circular segment dai^p H has length I and is centered at p (see Figure [3]). 
This gives an identification of the space TCC of all hyperbolic caps with the 
cylinder (0, 2tt) x S^. Given a cap a G TiC, let Tq : D ^ D be the reflection 
across the hyperbolic geodesic bounding a. That is, Tq is the unique non- 
trivial conformal involution of D leaving every point of the geodesic 9a n D 
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fixed. In particular, Ta{a) = ID 
function ii : B ^ M defined by 



\ a. The lift of a function u : a 



is the 



(3.2.1) 

Observe that 
(3.2.2) 

The measure 
(3.2.3) 



u{z) 




danS^ 



u dfi 



UO TadfJ, 



danS^ 



u {dn + T*dn). 



dfla 



idfi + T*dfj. on dan S^, 
on \ da 

is called the folded measure. Equation ()3.2.2p can be rewritten as 



u dfj, 



udfia- 



3.3. Eigenfunctions on the disk. Given t G M^, define : D ^ M by 
Xt{z) = z-t, the inner product of z and t in E?. Let (ei, 62) be the standard 
basis of M^. Then X^-^ and form a basis of the first Steklov eigenspace 
on the disk with p = 1. Using Hersch renormalization procedure (see [GNP| 
subsection 4.1]), we assume that the center of mass of the measure djj, is at 
the origin: 



(3.3.1) 



Xt dp = 0, vt e 



Using a rotation if necessary, we may also assume that 



(3.3.2) 



[ Xl dfi> [ Xfdp, Vt G 5\ 
J51 Js^ 



3.4. Rearranged measure. Let a G TCC be a hyperbolic cap and let tpa '■ 

D — > a be a conformal equivalence. Following the convention adopted in 
subsection 13. H we also denote its extension ID) ^ a hy ipa- For each t £ M?, 
define : a — > M by 

ui{z)=Xto^l;-\z)=t■^l;-\z). 

The following auxiliary lemma will be used in the proof of Lemma 14.1.11 

Lemma 3.4.1. The lift of the function n* is not harmonic in P. 

Proof. Suppose that n* is harmonic. Then it is smooth, and by (j3.2.ip . the 
normal derivative of n* vanishes at any point p £ daClB). It is well-known 
that the vanishing of the normal derivative is preserved by conformal trans- 
formations. It follows that the normal derivative of the function Xt = UaOipa 
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vanishes on i/j^^^da HO) C S^. However, a straightforward computation 
shows that for any s ^ -§^Xt{s) 7^ 0. □ 

Let tu* G C°^(][D) be the unique harmonic extension of ^tal^u that is 

I Air* 

(3.4.2) 



Ait;^ = in D, 
vA = ui on S^. 



These functions will later be used as test functions in the variational char- 
acterization I3.1.2[ Observe that 

(3.4.3) / Uidfl= [ uidfla= [ Xtradf^a. 

Js^ Js^ Js^ 

We call the pullback measure 

(3.4.4) dua = tpld^a 
the rearranged measure on S^. 

A family of conformal transformations {tpa ■ ^ ^}ae'HC ^^^^ ^° 
continuous if the map (0, 27r) x S"^ x D ^ D defined by {l,p,z) 1-^ ipai^{z) 
is continuous. The next lemma describes the properties of the rearranged 
measure di^a as the cap a degenerates either to the full disk or to a point 

Lemma 3.4.5. There exists a continuous family of conformal equivalences 
{ijja '■ 15 ^laGWC -s^c/i that for each cap a G TiC and each t ^M?, 



(3.4.6) / widfi = 0, 



u 

'51 

(3.4.7) lim dva = dfi, 



a- 



(3.4.8) lim dua = R*dii, 

where uf^ is defined by ()3.4.2p , dua is the rearranged measure given by (j3.4.4p , 
p € 5^ and Rp{x) = x — 2{x -p) is the reflection with respect to the diameter 
orthogonal to the vector p. 

Here and further on, the topology on measures is induced by the following 
norm: 



(3.4.9) \\dv\\= sup / fdu 

Proof. Let us give an outline of the proof, for more details, see |GNPl Sec- 
tion 2.5]. Start with any continuous family {(pa '■ ^ '^laeWC such that 
liuia^ncpa = id. The maps ipa are defined by composing the (paS on both 
sides with automorphisms of the disk appearing in the Hersch renormaliza- 
tion procedure. In particular, (j3.4.6p is automatically satisfied. As the cap 
a converges to the full disk D, the conformal equivalences ipa converge to the 
identity map on D, which implies (|3.4.7p . Finally, setting n = 1 in ^GNPj 
Lemma 4.3.2] one gets (I3.4.8p . □ 
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From now on, we fix the family of conformal maps ■0a defined in Lemma r3.4.5[ 
Lemma 13.4.51 implies that the rearranged measure dva depends continously 
on the cap a. This is essential for the topological argument used in the proof 
of Proposition 14.2.21 

4. Construction of test functions 

4.1. Estimate on the Rayleigh quotient. It follows from (j3.4.6p that 
the functions defined by (j3.4.2p are admissible in the variational charac- 
terization (j3.1.2p for (72. For each hyperbolic cap a G TLC let 

Ea = {wi\te M^} . 

be a two-dimensional space of test functions. 

Lemma 4.1.1. For any test function w\ G Ea, 

\ywi\'^dz < 27r. 



Proof. It is well-known that a harmonic function, such as , is the unique 
minimizer of the Dirichlet energy among all functions with the same bound- 
ary data (see [Jol p. 157]). It follows from Lemma [3.4.11 that if* 7^ n* in 
Fi(D). Therefore, 

/ \Vwi\^dz< / \Vui\^dz= / \Vui\^dz+ / \V {u^ o Ta)\^ dz 

Jo Jo Ja Jo\a 

(4.1.2) =2 j |Vn*pdz = 2 / | VXt p = 2 fii (B) f X'^d9 = 27r, 

J a Jo ' — V — 'J 51 

1 

where the second and the third equalities follow from the conformal invari- 
ance of the Dirichlet energy. □ 

Let ti,t2 G be such that ti • t2 = 0. Given a hyperbolic cap a G HC, 
we have 

/ {Wi^)'df,= [ {X,,fdVa 

Js^ Js^ 

1 

(4.1.3) >l [ \Xt,fl{Xt,fd,.a = l I p{s)ds. 

^ Js^ ^ J do, 

Here the first equality follows from (j3.4.2p and (|3.4.3p . the last equality fol- 
lows from (|3.2.3p and (j3.1.ip . and we may assume without loss of generality 
that the inequality in the middle is true (if not, we interchange t\ and t'l). 

Remark AAA. Since X'^_^ + X^^ = 1 on S^, the estimate (j4.1.3p is proved 
as in [Herj, and it is much easier than the analogous result [GNPl Lemma 
2.7.5] for the Neumann problem. 
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Consider the one-dimensional space of test functions 

Vt^ = {awi^ I a G M} . 

It follows from Lemma 14.1.11 and formula (j4.1.3p that any function u £ Vt^ 
satisfies 

(4.1.5) ^ — < 



Our next goal is to show that there exists a hyperbolic cap a C D such 
that ()4.1.5p holds not only for u £ Vt-^ but for each u £ Ea- Since Ea is 
two-dimensional, the estimate p.3.7p will follow from ()4.1.5p and (|3.1.2p . 



4.2. Simple and multiple measures. Given a finite measure dv on S , 
consider the quadratic form Vd^ : — > M defined by 

Vd^t) = [ Xfdiy. 

Let = 57^2 be the projective hue. We denote by [t] E RP^ the 
element of the projective line corresponding to the pair of points ±t £ S^. 
We say that [t] £ WP^ is a maximizing direction for the measure dv if 
> for any [s] £ MP^. The measure dv is called simple if 

there is a unique maximizing direction. Otherwise, the measure dv is said 
to be multiple. 

Lemma 4.2.1. A measure dv is multiple if and only if Vdu{t) does not 
depend on t £ . 

Proof. The lemma follows from the fact that Vduit) is a quadratic form, and 
is proved analogously to |GNPl Lemma 2.6.1]. □ 

Note that by (I3.3.2p . [ei] is a maximizing direction for the measure dfi. 

Proposition 4.2.2. // the measure dfi is simple, then there exists a cap 
a £ TCC such that the rearranged measure dva is multiple. 

Proposition l4.2.2] is proved by contradiction. Assume that the measure d/i, 
as well as the measures dva for all a £ TCC, are simple. Given a hyperbolic 
cap a, let [m(a)] £ MP^ be the unique maximizing direction for dva- 

By construction, the folded measures dfia depend continuously on the cap 
a. The family ■i/'a is continuous by Lemma l3.4.5^ and hence the rearranged 
measures dva depend continuously on a. Therefore, the functions V^iy^ and 
the unique maximizing direction [rn-(a)] also depend continuously on a. 

Let us understand the behavior of the maximizing direction as the cap a 
degenerates either to the full disk or to a point. 
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Lemma 4.2.3. Let the measure dji as well as the measures dva for all 
a G 7iC he simple. Then 

(4.2.4) lim [m(a)] = [ei] 

(4.2.5) lim [m{a)] = [e'^'%. 

Proof. First, note that formula (I4.2.4P immediately follows from (13.4. 7p and 
(f3X2ll . Let us prove (fO^l) . Set p = e^^ . Formula (l3A8]l implies 

(4.2.6) lim / xU^a= I XfR;dfi= [ X^oRpdfi= [ X^ ^dfi. 

Since dfi is simple, [ei] is the unique maximizing direction for dfi and the 
right hand side of (j4.2.6|) is maximal for Rpt = itei. Applying Rp on both 
sides we get t = ite^*^ and hence [m(a)] = [e^*^]. □ 

Proof of Proposition \4.2.2\ Suppose that for each hyperbolic cap a £ TLC the 
measure dva is simple. Recall that the space TiC is identified with the open 
cylinder (0,27r) x 5"^ Define h : (0,27r) x ^ RP^ by h{l,p) = [m{ai^p)]. 
As was mentioned above, the maximizing direction depends continuously 
on the cap a. Therefore, it follows from Lemma 14.2.31 that h extends to a 
continuous map on the closed cylinder [0, 27r] x such that 

h{0,e'') = [ei], h{2^,e'') = [e^'% 

This means that his a. homotopy between a trivial loop and a non-contractible 
loop on MP^. This is a contradiction. □ 

4.3. Proof of Theorem II. 3. 61 Assume that the measure dfi is simple. By 
Proposition 14.2.21 there exists a cap a G 7iC such that the measure dva is 
multiple so that inequality (j4.1.5p holds for any u € Ea- Theorem 11.3.61 then 
immediately follows from the variational characterization (j3.1.2p of o"2. 

Suppose now that the measure dfj, is multiple. In this case the proof is 
easier. Indeed, it follows from Lemma I4.2.H that any direction [s] G MP^ is 
maximizing for dfi so that we can use the space 

E = {Xt \t £ R^} 

of test functions in the variational characterization (j3.1.2p of (72- Replacing 
wl^ by Xt and inspecting (|4.1.2p we notice that the factor 2 disappears. 
Therefore, ()3.1.2p implies 

(4.3.1) a2{n) M{n) <2tt, 

which is an even better bound than (11.3.7p . This completes the proof of 
Theorem 11.3.61 

Remark 4.3.2. When d^ is multiple, Lemma 13.4.11 is not applicable, since 
we are not using formula ()3.2.ip . and therefore the inequality (|4.3.ip is not 
strict. Indeed, the equality is attained on a disk with p = const. 
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It is easy to show that if the domain 0, is symmetric of order g > 3 in the 
sense of |Balj and |Ba21 pp. 136-140] (for instance, if is a regular g-gon), 
then the measure dfi is multiple, provided the density p satisfies the same 
symmetry condition. Under these assumptions (|4.3.ip is a special case of 
|Ba2l Theorem 3.15]. In fact, one can show using Courant's nodal domain 
theorem for Steklov eigenfunctions \KS\ section 3] that if the domain 0, and 
the density p are symmetric of order q, then ai = G2 so that (|4.3.ip is 
just a consequence of (jl.2.2p . Indeed, in this case has at least two axes of 
symmetry, and each of them is a nodal line of an eigenfunction corresponding 
to a\. Therefore, mult((Ti) > 2. We are not aware of any examples for which 
()4.3.ip gives new information, i.e. the measure dp is multiple but 02> o\. 

Acknowledgments. We are thankful to Marlene Frigon, Michael Levitin, 
Marco Marietta, Nikolai Nadir ashvili and Yuri Safarov for useful discussions. 
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